We investigate collective effects in plasmonic oligomers of different symmetries using second-harmonic generation (SHG) microscopy with cylindrical vector beams (CVBs). The oligomers consist of gold nanorods that have a longitudinal plasmon resonance close to the fundamental wavelength that is used for SHG excitation and whose long axes are arranged locally such that they follow the distribution of the transverse component of the electric field of radially or azimuthally polarized CVBs in the focal plane. We observe that SHG from such rotationally symmetric oligomers is strongly modified by the interplay between the polarization properties of the CVB and interparticle coupling. We find that the oligomers with radially oriented nanorods exhibit small coupling effects. In contrast, we find that the oligomers with azimuthally oriented nanorods exhibit large coupling effects that lead to silencing of SHG from the whole structure. Our experimental results are in very good agreement with numerical calculations based on the boundary element method. The work describes a new route for studying coupling effects in complex arrangements of nano-objects and thereby for tailoring the efficiency of nonlinear optical effects in such structures.
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Oligomers, that is, assemblies of nanoparticles with similar or identical composition, are gaining significant interest. 11 For one thing, oligomers possess excitation modes that are governed by their symmetry, which can be made to resemble that of naturally occurring molecules. 12, 13 This important feature makes oligomers excellent candidates for tuning optical responses. 14, 15 Furthermore, the versatility of configuring oligomers with different symmetries gives rise to Fano-like resonances that can be useful in sensing and spectroscopy. 16 Similar to previous works that studied the correlation between molecular symmetries (e.g., n-fold rotationally symmetric molecules) and harmonics generation, 17−19 emerging approaches have revealed that oligomers of varied spatial symmetries can be used as promising platforms for modifying nonlinear effects such as two-photon luminescence, 20 secondharmonic generation (SHG), 21−23 third-harmonic generation, 24 and four-wave mixing. 25 So far, these nonlinear effects have been investigated using either plane-wave or focused-beam excitation with homogeneous states of polarization.
An emerging way to explore the optical responses of nanoparticles is through the use of cylindrical vector beams (CVBs) 26 that exhibit inhomogeneous states of polarization. When CVBs are focused, they give rise to unique electric and magnetic field distributions in the focal volume. 27, 28 For example, focusing a radially polarized CVB leads to a longitudinal (out-of-plane) electric field component along the main direction of propagation and transverse (in-plane) electric field components that follow the radial distribution in the focal plane. On the other hand, the focusing of an azimuthally polarized CVB leads to purely transverse electric field components that follow the azimuthal distribution also in the focal plane. Because of these intriguing characteristics, CVBs are used as novel probes for imaging the orientation of molecules or nanostructures. 29−33 Owing to the tensorial character of nonlinear interactions, CVBs are also used to improve the orientation sensitivity of nonlinear microscopy techniques. 34−39 In the context of oligomer studies, focused CVBs have been shown to excite collective dark modes (with zero net dipole moment), which cannot be accessed using linear polarization under normal incidence. 40−43 Using far-field scanning single-photon luminescence 44 and near-field scanning optical microscopies, 45, 46 CVBs also show unique potential for studying oligomers with varied structural symmetries but the use of nonlinear excitation in this context is still unexplored.
Here, we demonstrate the use of SHG microscopy with CVBs for investigating individual plasmonic oligomers with different symmetries. The oligomers are prepared by electronbeam lithography and carefully designed to follow the transverse electric-field distributions of the respective focused CVBs. We find that SHG from plasmonic oligomers is significantly influenced by the CVB polarization and interparticle coupling effects. Our experimental results are in very good agreement with our calculations based on the frequency-domain boundary element method (BEM). Our work further highlights the potential of careful beam structuring and nanoparticle assembly for tailoring nonlinear optical effects on the nanoscale.
Our oligomers consist of gold nanorods ordered in radially or azimuthally symmetric configurations (Figure 1a ,c,e,f). The distance between the center of the oligomer and the center of a single nanorod is equal to the radius of the oligomer R. We used R = 485 ± 5 nm to closely match the size of the oligomer to the size of the beam focus that is used in the nonlinear experiments. Each nanorod has a width w and length l. We specifically used w = 46 ± 5 nm and l = 165 ± 5 nm so the longitudinal dipolar resonance of the nanorod is close to the fundamental wavelength of the laser (1060 nm) ( Figure S1 ). Several arrays of oligomers with different numbers of constituent nanorods were fabricated by electron-beam lithography. The oligomers were fabricated on a cover glass with a 50 nm indium tin oxide (ITO) layer on top. A poly(methyl methacrylate) (PMMA) bilayer served as the electron-beam resist. After exposure, the resist was developed and treated by anisotropic oxygen plasma etching to remove potential residues within the nanopatterns. A 20 nm gold layer was deposited by thermal evaporation. Although the resulting thickness (t) of the gold structures is comparable to the skin depth, this thickness is still much higher than the nonlocality length (∼1 nm in the optical regime). 47 After a lift-off process, the sample fabrication was completed. The geometrical dimensions of the nanorods in the fabricated samples were independently confirmed by scanning-electron microscopy (SEM).
Two nanorod arrangements were investigated for maximum geometric overlap with the electric fields in the laser beam focus (Figure 1a,c) . The orientation of a single rod is based on the direction of the local transverse electric field formed in the focus of the CVB. The direction of the longitudinal axis of single nanorods is derived from a cylindrical coordinate system, the origin of which is positioned at the center of the oligomer. For the radial oligomers, the longitudinal axis of the constituent nanorods is oriented parallel to the radial vector ( Figure 1a) . For azimuthal oligomers, the nanorods are oriented perpendicular to the radial vector (Figure 1c) . Each fabricated array consist of 16 oligomers with 5 μm separation with fixed oligomer and nanorod dimensions and with the number of nanorods n per oligomer increasing from 1 to 16. The SEM image of a representative array of radial (azimuthal) oligomers is shown in Figure 1e (Figure 1f ). This layout allowed us to study individual oligomers that possess n-fold rotational symmetries in the focal plane. The distance between the neighboring nanorods of an oligomer decreases as the number of nanorods increases, and the degree of coupling between the neighboring nanorods of an oligomer is expected to increase correspondingly. Because of constraints in the lithographic fabrication, we limited the maximum number of nanorods in an oligomer to 16. Aside from this generic layout, we also prepared oligomers with identical features (l = 145 ± 5 nm, w = 40 ± 5 nm, t = 20 ± 5 nm, R = 472 ± 5 nm) in a 2 × 2 layout. These oligomer samples were used in preliminary nonlinear optical experiments to prove that the observed signal is indeed dominated by SHG ( Figure S2) .
A custom-built point-scanning far-field nonlinear microscope was used to investigate the oligomers. 48 This approach was chosen in order to address SHG from individual oligomers. The microscope uses a femtosecond laser (excitation wavelength of 1060 nm, repetition rate of 80 MHz, pulse duration of 140 fs) as the excitation source. After performing beam collimation, expansion, and polarization manipulation (see below), the laser beam is directed toward a microscope objective [numerical aperture (NA) of 0.8]. The same objective is used to collect the nonlinear signals from the oligomers. Appropriate optical filters 
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Letter (fundamental wavelength block and SHG narrow bandpass at 531 ± 11 nm) and a cooled photomultiplier tube are used to discriminate and detect the second-harmonic wavelength around 530 nm.
Two types of CVBs (focused radially and azimuthally polarized beams, from now on called radial and azimuthal CVBs) were synthesized and used in the experiments ( Figure  1b,d and S3 ). To generate radial and azimuthal CVBs, a polarization mode converter (Arcoptix S.A.) in tandem with a spatial filter is used. When this CVB is used as the input beam in our microscope, we achieve a transverse spot size of about 1 μm at the focal plane. This size corresponds to the distance between the maxima of the CVB at the focal plane. A computer-controlled three-axis piezo-scanning stage is used to position and translate the oligomer sample with respect to the stationary beam focus. The collection time for each sample position, that is, pixel, is 50 ms. To create a scanning microscopy image, the SHG signal is collected pixel-by-pixel, that is, as a function of spatial coordinates (x,y), and integrated as the sample is scanned across the focal plane. Since the SHG response is tensorial in nature, the resulting image is strongly dependent on the vectorial properties of the focused beam and not solely due to the convolution of the excitation point spread function and the geometry or size of the oligomer. 39 Additional reference measurements are performed using linear polarizations of the excitation beams. To generate linear polarization of any orientation, a half-wave plate is used.
To compare the SHG signals from the oligomers, the imaging is always performed within a single array and the excitation power is maintained at 1 mW (0.2 mW) for the different CVB (linear) polarizations. A lower input power is used for linear polarization in order to prevent sample damage. Throughout the paper, the term "symmetric illumination" will be used to denote the situation whenever the center of an oligomer and the center of the laser beam focus coincide; any other situations are denoted as "asymmetric illumination".
To gain more insight into the experimental SHG signals, we performed surface SHG modeling based on the frequencydomain BEM. 35 The BEM is suited for our purposes because it allows the use of a focused beam as excitation source. Moreover, the BEM is efficient since only the surface of each nanorod needs to be discretized. Previously, we have used this approach to elucidate the origin of SHG from well-isolated metal 35, 36 and semiconductor 38 nano-objects under different focusing conditions. Here, we extended the method to address SHG from several nanoparticles (the oligomer) that are simultaneously illuminated within the laser beam focus. To account for the glass substrate, the oligomers were embedded in homogenous medium (n m = 1.45). 49 Further details about the BEM modeling and parameters used in the paper are found in the Supporting Information.
We first verified the nonlinear signals from the individual oligomers using our microscope ( Figure S2 ). The nonlinear signals from the oligomers were found to be present and significant only whenever the excitation laser was pulsed and the detection was performed in the range of the SH wavelength using a narrow bandpass filter centered at 531 nm with a bandwidth of ±11 nm before the detector. Conversely, the nonlinear signals were found to be reduced by 3 orders of magnitude when a notch filter centered at 530 nm with a bandwidth of ±20 nm was used instead, that is, the range of the SH signal was blocked. Furthermore, the nonlinear signals that were acquired with the SHG filter were found to exhibit a quadratic power dependence on the input power. These results also show that two-photon luminescence 50 from gold is about 3 orders of magnitude weaker than SHG. Finally, the maximum SHG signals from the oligomers are about 2−3 orders of magnitude higher than the background signals (about 20 counts per 50 ms) from the ITO-covered glass. This result suggests that the effect of optical nonlinearities of the ITOcovered substrate 51 is negligible in this work. We then performed SHG microscopy on the array of oligomers with increasing number of nanorods (l = 165 ± 5 nm, w = 46 ± 5 nm, t = 20 ± 5 nm, R = 485 ± 5 nm). Upon comparing SHG images from different oligomers under different incident CVBs, the importance of the combination of the beam and oligomer symmetries becomes apparent (Figures 2−6 ). In general, an individual nanorod is strongly excited at a given scan position when the local transversal electric field is parallel to the long axis of the nanorod. 52 However, this is only valid whenever the nanorods behave as isolated nanoparticles. When two or more nanoparticles are situated close to each other forming nanoscale gaps, the nearfields of the individual nanoparticles form new collective plasmon resonances through plasmon hybridization. 53 As we will show later, the SHG signals from such oligomers can be strongly modified by these collective modes that are supported by different oligomer arrangements.
The SHG images of the radial oligomers under excitation with radial (matching) and azimuthal (antimatching) CVBs are shown in Figure 2a ,b. For the case of a radial CVB, the SHG 
Letter scanning images of most oligomers exhibit a central intensity maximum surrounded by a ring of azimuthally varying intensity patterns (Figure 2a) . Under symmetric illumination, the high SHG signal in the center arises from the simultaneous excitation of all the nanorods, that is, the local transverse electric fields of the radial CVB are simultaneously oriented parallel to the long axes of all the constituent nanorods. The azimuthally varying intensity patterns exhibit lower intensity levels than the central maximum and result when the oligomer is asymmetrically illuminated by the transverse electric fields of the radial CVB. Also, the resulting SHG scanning image patterns, intensities, and numbers of azimuthal maxima of the oligomers are found to strongly depend on the number of nanorods in the oligomer. The ring-like parts of the SHG scanning images exhibit the respective n-fold rotational symmetries, which is especially observable for the oligomers with a low number of nanorods. Maxima appear whenever the focus is centered outside the oligomer at the correct distance to excite an individual or few nanorods. These features, however, start to merge when the number of nanorods increases. For symmetric illumination, the overall SHG intensities in the central maximum increase with the number of nanorods. However, the SHG intensities at locations where the oligomer is asymmetrically illuminated by the CVB are more or less constant because only a fraction of the oligomer, which consists of a few nanorods, is illuminated by a section of the CVB.
In contrast, we always observe a central minimum surrounded by a ring of SHG maxima when radial oligomers are scanned through the focus of an azimuthal CVB ( Figure  2b ). Only low SHG intensity close to the background is observed when the radial oligomer is symmetrically illuminated. In this situation, the transverse electric fields of the azimuthal CVB are oriented perpendicular to each individual nanorod. In this case, the nanorods are not efficiently excited and contribute only weakly to the overall SHG. As for the case of the radial CVB, the azimuthally varying ring-shaped maxima appear when the nanorods are asymmetrically illuminated by the transverse electric fields of the azimuthal CVB. Similar to the radial CVB results, the SHG scanning image patterns and intensities of the radial oligomer under azimuthal CVB excitation are influenced by the number of nanorods. As the transverse electric field components of the radial and azimuthal CVBs are oriented orthogonally to each other in the focal plane, the respective patterns within the outer rings of the SHG images for both CVBs are always rotated 90°in-plane. This is most evident for oligomers with a low number of nanorods for the corresponding n-fold rotationally symmetric patterns.
The experimental results were found to be in good qualitative agreement with our SHG calculations based on BEM. The results of the calculations for the radial oligomers (l = 165 nm, w = 46 nm, t = 20 nm, R = 485 nm) under excitation with radial and azimuthal CVBs are shown in Figure 2c ,d. Under symmetric illumination with the matching (antimatching) CVB, the SHG scanning image patterns of the radial oligomers exhibit high (low) SHG intensities in the centers. Under asymmetric illumination, the SHG scanning images of the oligomers also form azimuthally modulated ring-like intensity distributions. Similar to the experimental results, the n-fold rotational symmetries of the oligomers with low numbers of rods are evident in the SHG scanning image patterns using both CVBs. Finally, the SHG intensities in the central maximum under excitation with the symmetrically illuminating and matching radial CVB were found to continuously increase with the number of nanorods.
Analogous SHG experiments were then performed on the azimuthal oligomers using azimuthal (matching) and radial (antimatching) CVBs (Figure 3 ). Under excitation with an azimuthal CVB, the experimental SHG scanning image pattern again exhibits a central intensity maximum surrounded by a ring of azimuthally varying intensity maxima (Figure 3a) . Under symmetric illumination, the transverse electric fields of the azimuthal CVB are always oriented parallel to the long axis of each individual nanorod. All nanorods are simultaneously excited and contribute to the overall SHG intensity. On the other hand, asymmetric illumination results in azimuthally varying ring-shaped SHG intensity patterns with lower intensities than the central maximum. The resulting SHG patterns and intensities of the oligomers were also found to be strongly dependent on the number of nanorods in the oligomer. Again, the n-fold symmetry features for a low number of nanorods can be deduced from the SHG patterns. Most importantly, the overall SHG intensities from the oligomers were found to increase only up to the oligomer with seven nanorods. After that, the SHG intensities were found to strongly decrease. For example, the SHG intensity for the oligomer with 16 nanorods is comparable to or even weaker than that for a single nanorod.
When the azimuthal oligomer is symmetrically excited by the radial CVB, a central SHG minimum close to the background 
Letter signal level is always observed since each individual nanorod is excited along the nonresonant short axis (Figure 3b ). For asymmetric illumination, however, azimuthally varying SHG patterns appear with intensity levels and distributions that are again affected by the number of nanorods. The modulations of the ring patterns in the SHG images of the oligomers with a low number of nanorods are again complementary (rotated by 90°) to the azimuthal variation obtained with an azimuthal CVB. Similar to the azimuthal oligomer/azimuthal CVB results, the SHG intensities for azimuthal oligomers/radial CVB increase initially up to a certain number of nanorods (7 or 8) and then decrease, resulting in a faint ring-like image for the oligomer with 16 nanorods.
As can be seen in Figure 3 , the SHG experimental results for the azimuthal oligomers were reproduced well by our SHG calculations (l = 165 nm, w = 46 nm, t = 20 nm, R = 485 nm). As depicted in Figure 3c ,d, the overall SHG intensities from the azimuthal oligomers clearly show an increase and subsequent decrease under both CVBs. At the same time, the maximum 
Letter intensities that occur for the matching and nonmatching cases are comparable both experimentally and in simulations.
In general, we see a stark contrast in the behavior of the SHG signals between the radial and azimuthal oligomers under the corresponding matching CVBs. To further highlight the difference between these oligomers, we plotted the behavior of the SHG intensities at the center of the SHG patterns for the oligomers under the symmetrically illuminating and matching CVBs (Figure 4 ). For both experiment and calculations, we found that the SHG intensity from the radial oligomers increases approximately linearly with the number of nanorods. Furthermore, these results imply that the SHG from the radial oligomers is weakly affected by the interactions of the neighboring nanorods. In contrast, we found that the SHG intensity from the azimuthal oligomers increases and then decreases with the number of nanorods under the symmetrically illuminating and matching CVB. This behavior suggests that the interactions of the neighboring nanorods strongly influence the SHG from the whole oligomer. These results are reminiscent of earlier reports on the SHG behavior of plasmonic dimers with 15−90 nm-sized gaps that are illuminated by linearly polarized light. 54 These studies concluded that interparticle coupling effects between the neighboring nanorods modify the overall SHG efficiency from the whole structure. Destructive interference between the out-of-phase near-fields were shown to lead to "silencing" of SHG in the far-field despite the existence of local field amplification in the gap.
We also note that small deviations between the calculated and experimental SHG images from the oligomers are evident.
For example, the experimental SHG images of the radial oligomers show a slight asymmetry along the y-axis. This could possibly originate from imperfections in the spatial structure of the radial CVB or from nanoscale variations of the fabricated oligomers. A systematic deviation for several structures points towards the CVB as the origin. To illustrate the dependence on structural defects, we calculated the SHG image of a radial oligomer with defects using a radial CVB with the same simulation parameters as those in Figure 2c , and a surface mesh that corresponds to a radial oligomer that contains 9 nanorods instead of 16. As shown in Figure S4 , the SHG image of this radial oligomer is affected by the quality of the whole structure even if the spatial structure of the radial CVB is ideal. Strong defects such as missing nanorods would be visible in the SEM images but similar effects may result from nanoscale variations in the nanorod geometries. This sensitivity is consistent with our earlier findings using SHG imaging of single nano-objects using CVBs. 35 We further confirmed our results by performing SHG microscopy and calculations on the same oligomers (l = 165 nm, w = 46 nm, t = 20 nm, R = 485 nm) using linearly polarized light ( Figure S5 ). High-intensity spots are typically seen in the SHG images of each oligomer. These spots originate from nanorods that are aligned with the electric field of the linear polarization. Similar to the results using CVBs, the SHG signals from the radial oligomers increase, whereas the intensities from the azimuthal oligomers increase and then decrease with the number of nanorods. Again, these results are in agreement with previous SHG work on dimers. 
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To elucidate the origin of the SHG intensities in the oligomers that are excited by the corresponding CVBs, we calculated the linear extinction cross section and associated near-fields at the fundamental and second-harmonic frequencies as a function of the number of nanorods in the oligomer (Supporting Information). We first show the results for the radial oligomers at the fundamental frequency ( Figure 5 ). Compared to an isolated nanorod, the resonance wavelength slightly shifts to shorter wavelengths with increasing number of nanorods for symmetric illumination and matching CVB (Figure 5a ). The slight increase in resonance frequency is attributed to enhanced repulsion between equal charges in the neighboring nanorods when illuminated by the matching CVB. This situation is similar to the resonance behavior of a dimer which is driven by an electric field that is perpendicular to the axis of the dimer. 55−57 In contrast, a symmetrically illuminating, but antimatching CVB is only able to nonresonantly excite the short-wavelength plasmon that corresponds to the width of the nanorods (Figure 5d ). In this case, the transverse electric fields of the antimatching CVB are always perpendicular to the nanorods.
The near-field maps for the radial oligomer with 16 nanorods under the symmetrically illuminating and matching CVB at the fundamental frequency reveal that the nanorods are excited in a dipole-like manner, where the dipoles oscillate in-phase along the radial vector (Figure 5b ). In these examples, the strongest electric fields are always located near the ends of the nanorods resulting in weak interactions between the adjacent nanorods. Under the symmetrically illuminating and antimatching CVB, the nanorods are also excited like dipoles that are in-phase along the azimuthal vector (Figure 5e ). In this case, the strongest electric fields are always located at the long sides of the nanorods, resulting again in weak interactions between the adjacent nanorods.
In contrast, the linear extinction maps of the azimuthal oligomers under the symmetrically illuminating and matching CVB reveal a characteristic redshift of the plasmon resonance peak of the azimuthal oligomer with increasing number of nanorods (Figure 6a ). The resonance frequency decrease is associated with the enhancement of the attraction between opposite charges in the neighboring nanorods when illuminated by the local electric fields of the matching CVB. This situation is similar to a bonding behavior of a dimer driven by an electric field that is parallel to the dimer axis, pushing the peak to longer wavelengths. 55−57 Also, the extinction features of the azimuthal oligomer are generally weaker (by about 25%), and broader than those of the radial oligomer under the matching CVB. In contrast, a symmetrically illuminating and antimatching CVB is only able to excite the short-wavelength plasmon resonance that corresponds to the width of the nanorods for all oligomers as expected (Figure 6d) .
Additionally, the near-field maps for the azimuthal oligomer with 16 nanorods under the symmetrically illuminating and matching CVB at the fundamental frequency show that the nanorods are excited in the manner of dipoles that oscillate inphase along the azimuthal vector (Figure 6b ). The strongest electric fields are always found between nanorods suggesting the possibility of strong near-field interactions especially for the oligomer with 16 nanorods with a gap size of about 25 nm. Under the symmetrically illuminating and antimatching CVB, the nanorods are also excited like dipoles that are in-phase along the radial vector (Figure 6e ). In this case, the strongest electric fields are always situated at the sides of the nanorods, which results in weak interactions between the neighboring nanorods.
The extinction and near-field maps show striking differences between the behavior of the two types of oligomers when excited by the CVBs. We associate these differences with different collective interactions between the neighboring nanorods supported by each type of oligomer. These results are in agreement with previous studies on oligomers that are excited by CVBs. 40, 41, 46 More importantly, these collective interactions significantly influence the efficiency of the SHG from the oligomer structure. [21] [22] [23] 58 This is perhaps better seen in the calculated near-field maps of the second-harmonic fields for the oligomers and symmetrically illuminating and matching CVBs.
For the radial oligomer with 16 nanorods, the near-field maps at the second-harmonic frequency show that the nanorods display higher-order plasmon resonances for both CVBs (Figure 5c ,f) which is obviously different from the case observed at the fundamental frequency. By comparing the features of the calculated SHG near field maps for the isolated nanorod and the constituent nanorods of the 16-nanorod oligomer ( Figure S6 ), we can associate SHG with quadrupolelike modes, which is a distinguishing feature of SHG from centrosymmetric nanoparticles. 59 Here, the SHG is forbidden within the electric dipole approximation and the SH emission must contain contributions from higher order modes. For nanorods with a thickness that is comparable to the excitation wavelength, the phase variation of the fundamental wave across the thickness of the nanorod could also result in a dipole-like SHG along the axis of beam propagation. 59 In addition, the strongest electric fields are located near the ends (sides) of the nanorods under the symmetrically illuminating and matching (antimatching) CVB. For the antimatching CVB, the far-field SHG contributions from the nanorods are negligible as expected (Figure 5f ). Also, we did not see significant changes in the corresponding near-field maps of the single nanorod when the number of nanorods in the radial oligomer is increased ( Figures S6 and S7) . We attribute slight changes in the near-field maps to the slight shifting of the fundamental resonance peak of the oligomer. This further confirms that the neighboring nanorods of this oligomer remain weakly coupled. Hence, the SHG from the radial oligomers is not significantly modified by the collective excitation of its constituent nanorods.
For the azimuthal oligomer with 16 nanorods, the near-field maps at the second-harmonic frequency also show that the nanorods display higher-order plasmon resonances for both CVBs (Figure 6c,f) . In addition, the strongest electric fields are located near the ends (sides) of the nanorods under the symmetrically illuminating and matching (antimatching) CVB. For the matching CVB, the near-field maps indicate regions between the nanorods where the second-harmonic fields vanish (Figure 6c ). In addition, we see significant changes in the corresponding near-field maps when the number of nanorods in the azimuthal oligomer is increased ( Figure S6 ). For example, the near-field maps of the oligomers that consist of one up to seven or eight nanorods look similar and remain nearly unchanged. Beyond that number of nanorods, the nearfield strengths in the vicinity of a single nanorod are significantly decreased. Note that for the corresponding nearfield maps at the fundamental frequency, the near-field strengths are almost the same for different numbers of nanorods ( Figure S7 ). This confirms that the collective
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Letter interactions between the neighboring nanorods of this oligomer significantly influence the overall SHG from the oligomer. Here, we attribute the observed collective far-field effects to a combination of the significant shifts in the fundamental resonance peak of the oligomers, and the silencing of the SHG at the gaps of the neighboring nanorods, which already becomes manifest in the near-field simulations. Again, these results are in line with earlier reports on the SHG behavior of dimers that are illuminated by linearly polarized light. 54 For the antimatching CVB, the far-field SHG contributions from the nanorods are negligible as expected (Figure 6f) . Finally, the corresponding near field maps for the orthogonal components of all these configurations revealed even more complicated patterns ( Figures S8 and S9) . The analysis of these data, however, goes beyond the scope of the present work.
To further elucidate the collective resonance effects from the oligomer, we performed additional extinction calculations using BEM. Here, we concentrated on using azimuthal oligomers that are symmetrically illuminated by an azimuthal CVB. We performed the BEM calculations using the same parameters as before. Starting from the configuration of the 16-nanorod oligomer with a fixed gap size, we decreased the number of rods one at a time ( Figure S10 ). We found that the extinction features vary strongly with the number of interacting nanorods. Furthermore, the extinction features of the 16-nanorod oligomer are not the same as those of the corresponding systems with few nanorods, e.g., one up to eight. In fact, the dominant collective resonance peak for the 16-nanorod oligomer is different from the plane-wave-excited collective resonance peak of a linear chain of 16 nanorods of similar dimensions which are aligned end-to-end and with equivalent gap size. In the linear chain of nanoparticles, e.g., nanospheres 60 or nanorods 61 with narrow gaps, the dominant collective resonance peak, i.e., lowest energy mode, shifts toward longer wavelengths as the chain length, i.e., number of nanoparticles, increases. Clearly, the excitation of oligomers using CVBs brings a new aspect that goes beyond the results of plasmonic dimers and capabilities of conventional optical techniques that rely on plane-wave excitation for studying nonlinear optical interactions of coupled assemblies of nanoparticles.
Our results demonstrate the richness of the nonlinear optical properties of plasmonic oligomers that can be observed by using tailored light distributions. Although the main features of the results can be qualitatively understood by considering the SHG behavior of coupled plasmonic dimers with nanometric gaps, it is clear that additional work needs to be done in order to understand all the details of the various SHG signals. For example, the effects of Fano resonances using CVBs 40 and asymmetric illumination 62 are expected to play additional roles in the tailoring of nonlinear phenomena in oligomers. Such effects may be the subject of future experiments using intricate tailor-made nanorod arrangements. Another possible direction is to obtain experimental linear extinction measurements on the plasmonic oligomers using focused CVBs in support of the corresponding calculations. However, CVBs with broadband excitation remain a fundamental challenge in vector beam control and related disciplines. Nonetheless, we believe that our findings will generate interest in developing new types of polarization mode converters that are suitable for broadband excitation. One more interesting future work is the polarization analysis of the SHG signal for different combinations of oligomers and CVBs. However, the excitation of the sample with CVBs at the fundamental wavelength and the detection of the polarization of the SHG signal are mutually incompatible in the present reflection geometry as there are no optical components that transmit CVBs at one wavelength while they do not change polarization at another. Nevertheless, we believe that our findings will motivate interest in developing new types of polarization components, which are suitable for polarization analysis of CVBs.
It is also interesting to discuss the possibility of deducing the symmetry-related selection rules for SHG emission in our work. The symmetry rules have two different aspects. First, one needs to consider the intrinsic nonlinear response of the materials constituting the oligomers. Here we use the approach, which has been proven to work well in several important cases, 7, 63 where the nonlinearity arises from the surface response of the metal-dielectric interface. Such local response then needs to be integrated over multiple surfaces of the whole structure and is fully accounted for in our simulations. The other issue is whether certain types of overall symmetry rules could be established for the whole structure. This question is much more complicated because both the intrinsic material response and the experimental geometry have to be simultaneously considered. Although such selection rules have been established for isolated nanoparticles under plane-wave excitation 59 or electric-field gradient, 64 these rules do not apply for oligomers under focused CVB excitation, which exhibit varying states of polarization (SOP) at the focal volume. In fact, care has to be taken already when an isolated nanoparticle is subjected to focused linear or circular polarizations. 65 In this case, subjecting a nanoparticle to regions in the focal volume with rapid spatial variations of field intensities 65 or focused beams of arbitrary transverse mode structure 66 can already influence the relative contribution of the high-order multipoles to the SHG process. Furthermore, in our experiments the sample is scanned under the focused beams and the symmetry of the experiment varies continuously. Hence, it is not possible to establish general symmetry rules for the overall experiment.
Nevertheless, our results support the increasing importance of developing new techniques to investigate collective effects for tailoring the nonlinear optical responses of complex plasmonic structures. While other works have highlighted the use of traditional polarizations (e.g., linear) to study nonlinear responses in oligomers, we have here emphasized the use of unconventional polarizations to investigate oligomers with matching spatial symmetries. This technique is expected to further improve the sensitivity of current nonlinear optical techniques for studying collective interactions and their impact on symmetry-sensitive optical phenomena such as SHG. [21] [22] [23] 58, 67 Our study opens up new ways to couple inhomogeneous light fields into complex arrangements of nanoobjects, and to investigate and tailor nonlinear effects in optical nanocircuits 68 using polarization control 39 in general. Alternatively, the oligomers can be used to benchmark the performance of imaging and spectroscopic techniques that rely on optical beams with tailorable states of polarization at the beam focus.
To summarize, we have introduced the use of SHG microscopy with CVBs to investigate plasmonic oligomers consisting of metal nanorods with systematically varied spatial symmetries. The oligomers were prepared by electron-beam lithography and carefully designed such that each nanorod exhibits a dipolar resonance near the excitation wavelength, and that the overall oligomer structure follows the transverse electric-field distributions of the focused CVBs. We observed
Letter that SHG efficiency from such oligomers is strongly dependent on the polarization of the incident CVB and the interparticle effects. Particularly strong SHG intensity is observed when oligomers are symmetrically excited with the matching CVB, such that all nanorods are simultaneously excited. The maximum SHG depends on an interplay between the increasing number of nanorods and their respective near-field interactions. We found very good qualitative agreement between our experimental results and calculations based on the frequencydomain boundary element method. This work opens new ways to address and tailor the second-harmonic response of plasmonic oligomers with high spatial symmetries.
■ ASSOCIATED CONTENT 
